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[1] QE
CAD (Cylindrical Algebraic Decomposition)
[3] QE QE
(Sum of squares, SOS)[10, 4]
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$\mathcal{H}_{\infty}$

















$\alpha_{1}^{-1}$ $y(\neq 0)\in \mathbb{R}^{n}$
$y^{T}Qy>0$ $Q\in \mathbb{R}^{n\cross n}$ $Q\succ O$
$y(\neq 0)\in \mathbb{R}^{n}$ $y^{T}Qy\geq 0$ $Q\in \mathbb{R}^{n\cross n}$ $Q\succeq O$
$\mathcal{K},$ $\mathcal{K}_{\infty},$ $\mathcal{K}\mathcal{L}$
1[$9J$ $\alpha:[0, \infty)arrow[0, \infty)$ $\alpha(0)=0$ $\alpha$ $\mathcal{K}$
$rarrow\infty$ $\alpha(r)arrow\infty$ $\alpha$ $\mathcal{K}_{\infty}$
2[$9J$ $\beta:[0, \infty)\cross[0, \infty)arrow[0, \infty)$ $s$ $r$ # $\beta(r, s)$ $\mathcal{K}$
$r\ovalbox{\tt\small REJECT}$ $sarrow\infty$ $\beta(r, s)$ $\beta(r, s)arrow 0$ $\beta$
$\mathcal{K}\mathcal{L}$
$\mathcal{K}_{\infty}$
1[$9J$ $\alpha$ $\beta$ $\mathcal{K}_{\infty}$ $\alpha^{-1}$ $[0, \infty)$ $\mathcal{K}_{\infty}$
$\alpha 0\beta$ $\mathcal{K}_{\infty}$
2
$\mathfrak{X}(t)=f(x(t), w(t)),$ $x(0)=x_{0},$ $t\geq 0$ (1)
89
$x\in \mathbb{R}^{n}$ $w\in \mathbb{R}^{p}$ $f$ : $\mathbb{R}^{n}\cross \mathbb{R}^{p}arrow \mathbb{R}^{n}$ $f(0,0)=0$
$w(t)$ $t\geq 0$ $t$
$\mathfrak{X}(t)=f(x(t), 0)$ (Global Asymptotic Stability, GAS)
GAS
3[1 (1) $x(O)$ $w(t)$ $x(t)$ $t\geq 0$
$\Vert x(t)\Vert\leq\beta(\Vert x_{0}\Vert,t)+\gamma(\sup_{\tau\in[0,t]}\Vert w(\tau)\Vert)$ (2)
$\beta\in \mathcal{K}\mathcal{L}$ $\gamma\in \mathcal{K}$ (1) $\gamma$
4[1 (1)
$\alpha_{1}(||x||)\leq V(x)\leq\alpha_{2}(||x||),$ $\forall x\in \mathbb{R}^{n}$ (3)
$\frac{\partial V}{\partial x}f(x, w)\leq-\mu(\Vert x\Vert),$ $\forall\Vert x\Vert\geq\rho(\Vert w\Vert)$ (4)
$\alpha_{i}\in \mathcal{K}_{\infty}(i=1,2),$ $\mu\in \mathcal{K},$ $\rho\in \mathcal{K}$, $V$ : $\mathbb{R}^{n}arrow \mathbb{R}$
$V$ (1) $ISS$
2[13/ (1) $(x, w)\in \mathbb{R}^{n}\cross \mathbb{R}^{p}$
(3)
$\frac{\partial V}{\partial x}f(x, w)\leq\alpha_{4}(\Vert w||)-\alpha_{3}(\Vert x\Vert)$ (5)
$V$ : $\mathbb{R}^{n}arrow \mathbb{R},$ $\alpha_{i}\in \mathcal{K}_{\infty}(i=1,2,3),$ $\alpha_{4}\in \mathcal{K}$
$\gamma(r)=\alpha_{1}^{-1}0\alpha_{2}0\alpha_{3}^{-1}ok\alpha_{4}(r)$ $k>1$
1 (1) $(x, w)\in \mathbb{R}^{n}\cross \mathbb{R}^{p}\}^{\vee}$. (5)
$\mathcal{K}_{\infty}$ $V$ : $\mathbb{R}^{n}arrow \mathbb{R},$ $\alpha_{3}\in \mathcal{K}_{\infty},$ $\alpha_{4}\in \mathcal{K}_{\infty}$
$\gamma(r)=\alpha_{3}^{-1}ok\alpha_{4}(r)$ $k>1$
1











[7]. 1 $\alpha_{4}$ $\mathcal{K}_{\infty}$ (1)
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3 (1) $\alpha_{i}\in \mathcal{K}_{\infty}(i=3,4)$,
$V(x)\in \mathcal{K}_{\infty}$ , $s_{0}(x, w)$ $(x, w)\in \mathbb{R}^{n}\cross \mathbb{R}^{p}$
$\frac{\partial V}{\partial x}f(x, w)-\alpha_{4}(\Vert w\Vert)+\alpha_{3}(\Vert x\Vert)=-s_{0}(x, w)$ (7)
$\gamma(r)=\alpha_{3}^{-1}ok\alpha_{4}(r)$ $k>1$
:(7)
$\frac{\partial V}{\partial x}f(x, w)-\alpha_{4}(\Vert w\Vert)+\alpha_{3}(\Vert x\Vert)\leq 0$
(5) 1





$b_{i}(i=1,2, \ldots, s)$ $Cj(j=1,2, \ldots, t)$ $\alpha_{3}$ $\alpha_{4}$
$\mathcal{K}_{\infty}$ $r\cdot d\alpha_{3}(r)/dr\geq 0$ $r\cdot d\alpha_{4}(r)/dr\geq 0$









$V,$ $f,$ $\alpha_{3},$ $\alpha_{4}$ (5) QE
QE
$( \forall x\forall w)[\frac{\partial V}{\partial x}f(x, w)-\alpha_{4}(\Vert w\Vert)+\alpha_{3}(\Vert x\Vert)\leq 0]$ . (9)
(9) QE
QE $\alpha_{3}$ $\alpha_{4}$ ( $\gamma$ )
(8) $\alpha_{3},$ $\alpha_{4}\in \mathcal{K}_{\infty}$ $\alpha_{3},$ $\alpha_{4}$ $b_{i}$ $Cj$
QE
$b_{i}$
$Cj$ $\phi(b_{1}, \ldots , b_{s}, c_{1}, \ldots, c_{t})$ $b_{i}$ $c_{j}$
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QE $r>0$ $\alpha_{4}(r)$
$(\exists b_{1}\cdots\exists b_{s}\exists c_{1}\cdots\exists c_{t})[\alpha_{3}(z)=\alpha_{4}(r)\wedge\phi(b_{1}, \ldots, b_{s}, c_{1}, \ldots, c_{t})]$. (10)
$r$ $z$ $\psi(r, z)$ $z^{*}=z^{*}(r)$ $\psi(r, z)$
$z^{*}=z^{*}(r)$ $\psi(r, z)$ bottom curve
$\underline{\gamma}(r)=z^{*}$ $\psi(r, z)$ bottom curve




$[3J$. $QE$ (9) (10) $QE$ false
$\alpha_{3}$ $\alpha_{4}$




Step 1 $V\in \mathcal{K}_{\infty}$ , $\alpha_{3},$ $\alpha_{4}\in \mathcal{K}_{\infty}$ $\alpha_{3}$ $\alpha_{4}$
$b_{i}(i=1,2, \ldots, s)$ $c_{j}(j=1,2, \ldots, t)$
Step 2SOS (7) Step 1
Step 3QE (9) $\phi(b_{1}, \ldots, b_{s}, c_{1}, \ldots, c_{t})$
Step 4QE (10) $\psi(r, z)$ $r(>0)$ $z$ bottom curve $z^{*}=z^{*}(r)$
$\underline{\gamma}(r)=z^{*}$
4 $QE$
Step 2 Step 3 Step 2
5 $\alpha_{3}(r)$ $r\ovalbox{\tt\small REJECT}$ $\alpha_{4}(r)$ $SOS$ (7)
$SOS$









$\ovalbox{\tt\small REJECT}=-x^{3}+(x^{2}+1)w$ . (12)
Intel Core 2 CPU U7700 $(1.33GHz)$ 2.00 GB PC
SOS MATLAB $R200b$, YALMIP(R20080415), SeDuMi$(ver.1.21)$
$QE$ Mathematica 6
Step 1 $V(x)=x^{4}/4\in \mathcal{K}_{\infty}$
:1) $\alpha_{3}$ $\alpha_{4}$ 2) $\alpha_{3}$ $\alpha_{4}$
5.1 Case 1
$\alpha_{3}(\Vert x\Vert)$ $x^{6}/8\in \mathcal{K}_{\infty}$ Step 1 $\alpha_{4}$
$\alpha_{4}(r)=c_{1}r^{2}+c_{3}r^{6}$
$c_{1}$ $c_{3}$ Step 2 SOS
find $c_{1}\geq 0,$ $c_{3}\geq 0$ and $s_{0}$ (is SOS),
s.t. $(\forall x\forall w)[-x^{3}[-x^{3}+(x^{2}+1)w]+x^{6}/8-(c_{1}w^{2}+c_{3}w^{6})=-s_{0}(x, w)]$
SOS 41 $[s]$ $(c_{1}, c_{3})=(2.8868$ , 2.8230$)$ , –
$s_{0}$ (13)
$s_{0}(x, w)=\{\begin{array}{l}w^{2}xw\end{array}\}\{\begin{array}{ll}l.3222 -0.3395-0.3395 0.9187\end{array}\}\{\begin{array}{l}w^{2}xw\end{array}\}$
$+$ $\{\begin{array}{l}ww^{3}xw^{2}x^{2}wx^{3}\end{array}\}\{\begin{array}{lllll}2.8868 -0.6611 0.3395 -0.4593 -0.5000-0.66ll 2.8230 0.0000 -0.8604 0.05360.3395 0.0000 1.7207 -0.0536 -0.7642-0.4593 -0.8604 -0.0536 1.5284 -0.5000-0.5000 0.0536 -0.7642 -0.5000 0.8750\end{array}\}\{\begin{array}{l}ww^{3}xw^{2}x^{2}wx^{3}\end{array}\}$ (13)
5 SOS (11)
$(c_{1}, c_{3})$ (10828, 0.6041) $\alpha_{4}(1)=1.6869$
Step 3 $w$ $w$
$(\forall x\forall w)[-x^{3}[-x^{3}+(x^{2}+1)w]+x^{6}/8-(c_{1}w^{2}+c_{3}w^{6})\leq 0]$ ,
$c_{1}$ $c_{3}$
$\phi(c_{1}, c_{3})=\{c_{1}>2/7\wedge c_{3}\geq 1600000c_{1}^{5}/(-23328+408240c_{1}10001880c_{1}^{3}$
$-2857680c_{1}^{2}+-17503290c_{1}^{4}+12252303c_{1}^{5})\}$
819.7 $[s]$ $\phi(c_{1}, c_{3})$ 1 Step 1 $(c_{1}, c_{3})$ 5
$(c_{1}, c_{3})$ $\phi(c_{1}, c_{3})$
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$n$
1: Set $\phi(c_{1}, c_{3})$ : ‘.“represents $(c_{1}, c_{3})=$
(1.08278, 0.604133).
$\phi(c_{1}, c_{3})$ Step 4 QE
$c_{1}$
(2.8868, 2.8230), and $”+’$‘ represents $(c_{1}, c_{3})=$
$(\exists c_{1}\exists c_{3})[z^{6}/8=c_{1}r^{2}+c_{3}r^{6}\wedge\phi(c_{1},c_{3})]$ ,
$\psi(r, z)$
$\psi(r, z)=\{r>0\wedge\theta(r, z)\leq 0\}$
$\theta(r, z)=-146313216r^{6}-28311552r^{8}+(192036096r^{4}+38707200r^{6})z^{6}$
$+(-84015792r^{2}-84672000r^{4}-12800000r^{6})z^{12}+12252303z^{18}$.
62 $[s]$ $\psi(r, z)$ 2 $z$ $z^{*}=z^{*}(r)$
$z^{*}(r)$ 3
Step 1 5
6 5 $r=1$ $\gamma(1)=\alpha_{3}^{-1}(\alpha_{4}(1))=1.5430$
(11) $r=1$







2: Set defined by $\psi(r, z)$
$\gamma$
0.5 1.0 15 2.0 25
3: Nonlinear gain functions: The solid curve represents the minimum function; the dashed curve, the
feasible one at Step 2; and the dotted curve, the optimized one by SOS.
$b_{3}$
$c_{3}$ Step 2 SOS
find $b_{3}\geq 0,$ $c_{3}\geq 0$ and $s_{0}$ (is SOS),
s.t. $(\forall x\forall w)[-x^{3}[-x^{3}+(x^{2}+1)w]+b_{3}x^{6}-(w^{2}+c_{3}w^{6})=-s_{0}(x, w)]$
SOS 36 $[s]$ $(b_{3}, c_{3})=(0.0866$ , 1.7859$)$
Step 3 QE
$(\forall x\forall w)[-x^{3}[-x^{3}+(x^{2}+1)w]+b_{3}x^{6}-(w^{2}+c_{3}w^{6})\leq 0]$
$b_{3}$
$c_{3}$
$\phi(b_{3}, c_{3})=\{0\leq b_{3}<3/4\wedge c_{3}\geq-50000/(-177147+1180980b_{3}$
$-3149280b_{3}^{2}+4199040b_{3}^{3}-2799360b_{3}^{4}+746496b_{3}^{r}o)\}$ .
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0.0 $0.1$ 0.2 0.3 0.4 0.5
$b_{3}$
4: Set defined by $\phi(b_{3}, c_{3}):(,$ , represents $(b_{3}, c_{3})=(0.0866,1.7859)$
5.3 $[s]$ $\phi(b_{3}, c_{3})$ 4 Step 4
QE
$(\exists b_{3}\exists c_{3})[b_{3^{Z^{6}}}=r^{2}+c_{3}r^{6}\wedge\phi(b_{3},$ $c_{3})]$
$\psi(r, z)=\{z>0\wedge 2r\leq-z^{5}+(3z^{6}+z^{10^{1}})^{z}\}$
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$r$
5: Set defined by $\psi(r, z)$
$\gamma$
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